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Abstract

The hydrodynamic impact due to a column of liquid hitting on a solid wall is analysed. The problem is solved using

the complex velocity potential together with the boundary element method, based on the assumption that the fluid is

inviscid and incompressible and the flow is irrotational. A stretched coordinate system is used, which is defined through

the ratio of the normal Cartesian system to an appropriately chosen length scale varying with time. Numerical

simulations are made for incoming liquid columns of various shapes. The results from the triangular column are

compared with those obtained from a similarity solution and excellent agreement is found. It is shown that for a

symmetrical liquid column with a shape defined by f(x) ¼ a1�axa, with 0oao1 and a40, the flow field and pressure

distribution in the fluid after impact depend only on the parameter Ut/a: they do not depend separately on the speed U

of the liquid column, the time t or the coefficient a.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

As pointed out in previous papers (Wu et al., 2004; Wu, 2006), the fluid/structure impact problem has a unique

feature. The collision usually starts from a single contact point if both the body and the liquid surface are smooth. At

the initial stage of the impact, the contact zone between the liquid and the structure is small. The significant effect of the

impact on the fluid flow will be confined to a small region near the contact point. However, all the physical parameters

within the region, including velocity and pressure, can change rapidly. It is not easy to capture this change using

numerical simulation based on the normal Cartesian system, unless extremely small elements are used. It is therefore

argued (Wu et al., 2004; Wu, 2006) that an ideal approach is to use a stretched coordinate system. Indeed, for the water

entry problem of wedges, Wu et al. (2004) and Wu (2006) defined a new coordinate system (x,Z) based on the ratio of

the Cartesian system (x,y) to the distance s that the body has travelled into water from the still level. This leads to the

size of the elements used and the computational domain remaining more or less the same in the stretched system, while

both of them vary with time in the physical system. This approach is clearly more rational and is one of the main

reasons for the success of these analyses.
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Most previous papers on impact are for bodies moving towards a liquid with a flat surface. In particular,

the body considered is of wedge shape [e.g., Dobrovol’skaya (1969), Greenhow (1982), Zhao and Faltinsen (1993)].

Korobkin (1996) considered a problem of an axisymmetrical liquid column hitting a plate. Although the compressibility

of the liquid was included, the deformation of the liquid column during the impact was ignored, as the analysis

focused on the ‘acoustic stage’. Another example was the case considered by Smith et al. (2003) for liquid columns

moving towards each other, but the focus was on the air cushion and on the period until ‘touchdown’. A further

example was the case of a droplet impact on a thin fluid layer during the initial stages (Howison et al., 2005). Here, we

consider a column of two-dimensional liquid moving with speed U opposite to the direction of the x axis towards a

stationary solid flat surface, or a plate moving towards the initial stationary liquid (see Fig. 1). Without loss of

generality, we may consider a symmetric case and the upper part the liquid surfaces is described by y ¼ f(x)X0. It is

obvious that an ideal approach is to use the stretched system. It is important to realize, however, when f(x) is not a

linear function, that Z ¼ f(sx)/s 6¼f(x). Thus, during the impact, the free surface of the liquid column will change in the

stretched system for two reasons. One is due to deformation caused by the impact, which is physical, and the other is

caused by the variation of s, which is purely mathematical. Both changes need to be taken into account in the

simulation.

The choice of s is not unique. Wu et al. (2004) and Wu (2006) used the distance travelled into the water by the body.

This worked quite well for the water entry problem of wedges. Here, such a choice could be problematic in the

numerical simulation. It would be more illustrative to assume that the liquid column is not moving and its tip is at

x ¼ 0. The body, i.e., the wall, is moving with U in the x direction and it touches the tip of the liquid at t ¼ 0. When the

deformation caused by the fluid motion is ignored, the intersection point of the free surface and body surface will be at

x ¼ 1 and Z ¼ f(s)/s with s ¼ Ut. At the beginning of the simulation, s is very small and the coordinates of the

intersection point can be approximated as [1,f0(0)]. On the other hand, when the shape of the water column is a curve

instead of a straight line, f0(0) can be infinite. This means that the wetted surface of the body in the stretched system is

infinitely large, which is impractical for numerical simulation.

To resolve this problem, one of the options is to choose s ¼ f(Ut). The intersection point then becomes [Ut/f(Ut),1]

when the motion of the liquid is ignored. As a result, when t is small, the intersection point can be approximated as

[1/f0(0),1]. This gives a finite wetted surface of the body and is much more suitable for the numerical simulation.

One of the disadvantages of this choice of s is that the location of the body is not fixed and it changes in terms of

Ut/f(Ut), but this can be overcome by redefining x as x�Ut/f(Ut). Real difficulty may arise if f(x)E0 at some

point with xb0, which can happen when f(x) is not a monotonic function. A more appropriate choice for s in this case

would be based on the area covered by f(x) between (0,Ut), or s ¼
RUt

0 f ðxÞdx=ðUtÞ. When t is small, sEf(Ut). This is

similar to but not the same as when s ¼ f(Ut). Obviously, when t increases, further difference between these two will

develop.

In the following sections, the complex velocity potential based on a boundary element approach is first outlined. The

method is then used to solve in the time domain the problem of triangular liquid columns with different angles. The

results are compared with those obtained from the similarity solutions and excellent agreement is found. The method is

then used to simulate impact of liquid columns with f(x) ¼ a1�axa, 0oao1. It is shown that the result after impact does

not depend on U, t and a separately in the stretched coordinate system; it only depends on the variable Ut/a. This is

consistent with the PI theorem.
SF
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U 

Fig. 1. Sketch of the liquid column impact problem.
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2. Governing equations and numerical procedure

We consider the hydrodynamic problem of fluid impact on a solid wall with speed U. It is dynamically equivalent to

the case when the column of liquid is stationary and the wall is moving with the same speed in the opposite direction, as

shown in Fig. 1. A Cartesian coordinate system O�xy is defined in which the origin of the system is fixed at the tip of

the column when the body touches the liquid. The fluid is assumed to be incompressible and inviscid, and the flow is

assumed to be irrotational. A velocity potential f can then be introduced. From the continuity equation, f satisfies

r2f ¼ 0 (1)

in the fluid domain R. On the body surface S0 or x ¼ Ut, we have

qf
qn
¼ Unx, (2)

where n ¼ (nx,ny) is the normal vector of the body surface pointing out of the fluid domain, which is in fact (�1,0) for

the case of a wall along the y direction. The kinematic and dynamic conditions on the free surface SF or y ¼ z can be

written as

qz
qt
¼ fy � fxzx, (3)

qf
qt
þ

1

2
rfrf ¼ 0. (4)

In the Lagrangian framework, these become

dx

dt
¼

qf
qx
;
dy

dt
¼

qf
qy

, (5)

df
dt
¼

1

2
rfrf. (6)

Without loss of generality, we can assume that the liquid column is symmetric about y ¼ 0. Thus, we have qf/qy ¼ 0 on

y ¼ 0. For the initial condition, we assume that, at the moment of contact, the free surface is described by y ¼ f(x) and

f[x,f(x)] ¼ 0.

As discussed in the Section 1, it is appropriate to use a stretched coordinate system for this kind of problem. We may define

fðx; y; tÞ ¼ Usjðx; Z; tÞ, (7)

where x ¼ x/s and Z ¼ y/s. Eq. (1) obviously has the same form in the stretched system, while Eqs. (2), (5) and (6) become

qj
qn
¼ nx, (8)

dðsxÞ
dt
¼ U

qj
qx
;
dðsZÞ
dt
¼ U

qj
qZ

, (9)

dðsjÞ
dt
¼

U

2
ðj2

x þ j2
ZÞ. (10)

As the problem is two dimensional, it is convenient to adopt the complex potential w ¼ j+ic, where c is the stream

function. The method has been previously used in many free-surface-related problems (Lin et al., 1985; Greenhow, 1982; Wu

and Eatock Taylor, 1995, 2003; Wu, et al., 2004; Wu, 2006). It is based on Cauchy’s theorem which givesI
w

z� z0
dz ¼ 0, (11)

where z ¼ x+iy and z0 is a point outside of the fluid domain R. The integration in Eq. (11) is along the fluid boundary. On the

fluid boundary, we divide the surface into segments with n nodes. The complex function can be written in terms of the

interpolation function

w ¼
Xn

j¼1

wjNjðzÞ, (12)
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where wj are the complex potentials at the nodes. When linear interpolation is used, we have

NjðzÞ ¼

ðz� zjþ1ÞÞ=ðzj � zjþ1Þ; z 2 ðzj ; zjþ1Þ;

ðz� zj�1ÞÞ=ðzj � zj�1Þ; z 2 ðzj�1; zjÞ;

0; zeðzj�1; zjþ1Þ:

8><
>: (13)

Substituting Eqs. (12) and (13) into (11), letting z0 approach node zk and using the boundary conditions, we have

Xn

j¼1

Akjfjjj2S0þSC
þ i
Xn

j¼1

Akjcjjj2SF
¼ �

Xn

j¼1

Akjfj jj2SF
� i
Xn

j¼1

Akjcjjj2S0þSC
, (14)

where

Akj ¼
zk � zj�1

zj � zj�1
ln

zj � zk

zj�1 � zk

� �
þ

zk � zjþ1

zj � zjþ1
ln

zjþ1 � zk

zj � zk

� �
. (15)

In Eq. (14), the terms on the right-hand side are known from the boundary conditions while the terms on the left are

unknown. At the intersection in particular, both the stream function and the potential are known, and they are both moved to

the right-hand side of the equation. SC in the equation is a control surface far away from the wall.

When the solution of Eq. (14) has been found, the pressure can in theory be obtained from the Bernoulli equation

p ¼ �rft �
1

2
rðf2

x þ f2
yÞ. (16)

The difficulty is that ft is in fact still not known directly. It is, nevertheless, another harmonic function, as it satisfies

the Laplace equation. On the free surface, p ¼ 0 gives

ft ¼ �
1
2
ðf2

x þ f2
yÞ. (17)

On the body surface, we have (Wu, 1998)

qft

qn
¼ �U

qfx

qn
. (18)

To solve the boundary value problem for ft the stretched system can also be used. In fact, we can write

ft ¼ U2w(x,Z,t). Eqs. (17) and (18) then become

w ¼ �1
2
ðj2

x þ j2
ZÞ (19)

and

qw
qn
¼ �

qjx

qn
, (20)

respectively. Once w is found, the force F on the wall can be found from

F ¼ �r
Z

S0

ft þ
1

2
rfrf

� �
nx dSjðx;yÞ ¼ rU2s

Z
S0

wþ
1

2
rjrj

� �
nx dSjðx;ZÞ. (21)
3. Similarity solution

In general, j defined in the stretched coordinate system is still a function of time. There are cases, however, in which

the function is time-independent because the solution is self-similar. One of these cases is when the liquid column is of

triangular shape (Dobrovol’skaya, 1969). We take s ¼ Ut. Because qj/qt ¼ 0 in the stretched coordinate system, it is

obvious that

ft ¼ U2ðj� xjx � ZjZÞ. (22)

Thus in the Eulerian form, the free-surface boundary conditions in Eqs. (3) and (4) can be written as

Z� xZx ¼ jZ � jxZx; j� xjx � ZjZ þ
1

2
ðj2

x þ j2
ZÞ ¼ 0. (23,24)
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As in Wu et al. (2004), for numerical solution, these two equations can be converted into two integral equations:

Z ¼ x
Z x

x0

jxZx � jZ

x2
dxþ

Z0
x0

� �
; j ¼ x

Z x

x0

ZxjxjZ þ 0:5ðj2
x � j2

ZÞ

x2
dx

 !
, (25,26)

where (x0,Z0) is a point chosen sufficiently far away from the body that the fluid there is assumed to be undisturbed.

If a jet is developed along the body, the above method is matched with the shallow water solution for the jet. The

shallow water solution is based on the assumption that the jet is sufficiently thin and only linear terms are needed in the

Taylor expansion of j and Z in terms of x. This leads to Wu et al. (2004)

Z ¼
Ze � Zs

xe � xs

ðx� xsÞ þ Zs; f ¼ x� xs þ ZeðZ� ZsÞ þ fs, (27,28)

where (xs,Zs) is the starting point of the jet and (xe,Ze) is the intersection point between the body and the jet,

and js ¼ j(xs,Zs). The point (xs,Zs) can be chosen based on the distance to the body or the angle between

the body surface and the free surface (Lu et al., 2000). For the intersection point, xe ¼ 1 as it is on the body

surface, and

Ze ¼ Zs þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2s � 2js þ 2xs � 1

q
(29)

as can be obtained from the dynamic free-surface boundary condition. Using Eqs. (27) and (28), we can also see that

je ¼ jð1; ZeÞ ¼
1

2
ðZ2e þ 1Þ, (30)

which links the potential at the intersection with its coordinates.
4. Numerical results

We first consider the case of a triangular liquid column and choose s ¼ Ut. Because the flow is self similar, it allows

the problem to be solved using both the time-domain method in Section 2 and the similarity solution procedure in

Section 3. The results can be used for validation. In the time domain method, the solution starts from a very small

ts. The free surface remains unchanged at this instant, or Z ¼ tan(b)x, where 2b is the angle of the liquid column. The

initial potential on the free surface is zero, or j[x,tan(b)x,ts] ¼ 0. Strictly speaking, this assumption is not valid unless

ts ¼ 0. This is because, no matter how small ts is, the initial solution should be self-similar. However, as the disturbance

to the liquid is confined to a tiny region in the physical domain, the result is not expected to have a significant effect at a

later stage when t ¼ Tbts, or T/tsb1. In numerical simulation, this intuitive hypothesis can be verified if the result at

t ¼ T is not significantly affected when even smaller ts is used.

To take the speed out of the simulation, we can rewrite Eqs. (9) and (10) as

dðsxÞ
ds
¼

qj
qx
;
dðsZÞ
ds
¼

qj
qZ

, (31)

dðsjÞ
ds
¼

1

2
ðj2

x þ j2
ZÞ. (32)

The time stepping can now be achieved through s. The advantage of this is that the unit of s and indeed units

of all other parameters have no direct effect on the simulation. We start the simulation at s ¼ 0.001. Figs. 2–4

give results at b ¼ 801, 601, 451 for the shape of the liquid column and the pressure distribution nondimensionalized

by rU2 on the wall after impact. The time-domain solution corresponds to s ¼ 1. It can be seen that the results

from the two methods are in good agreement. As expected, the major deformation of the liquid surface is

confined near the wall and a jet can be developed along the wall. The pressure increases along the wall from the centre.

It reaches a peak near the jet, then drops to the ambient pressure in the jet. The change of the pressure can be very rapid,

especially when b is close to 901, which is very similar to the pressure distribution over a wedge in the water entry

problem.

We next consider the case of a parabolic liquid column, or y ¼
ffiffiffiffiffiffi
ax
p

, with a40, and choose s ¼ f ðUtÞ ¼
ffiffiffiffiffiffiffiffi
aUt
p

; a here

has obviously the dimension of the length scale. In the stretched coordinate system, the shape of the liquid column

becomes Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ða=sÞx

p
. If we further define r ¼ 2s/a which is a nondimensional parameter, the shape of the liquid

column becomes Z ¼
ffiffiffiffiffiffiffiffiffiffi
2x=r

p
and the location of the moving wall is at x ¼ Ut/s ¼ r/2. Similar to Eqs. (31) and (32), we
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Fig. 2. (a) Liquid column surface profile (b ¼ 801), (b) pressure distribution (b ¼ 801).
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can rewrite (9) and (10) as

dðrxÞ
dr
¼ r

qj
qx
;
dðrZÞ
dr
¼ r

qj
qZ

, (33)

dðrjÞ
dr
¼

r

2
ðj2

x þ j2
ZÞ, (34)

which are fully nondimensional. All these equations show that a does not directly affect the results from the simulation.

The results will be the same if r is the same, which means that the results depend on only r ¼ 2
ffiffiffiffiffiffiffiffiffiffiffi
Ut=a

p
, not on U, t and a

individually, which can of course be expected from the PI theorem. It is, however, important to notice that the liquid

shape Z ¼
ffiffiffiffiffiffiffiffiffiffi
2x=r

p
changes with r, in addition to the change caused by the wall, as discussed in the introduction.
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Fig. 3. (a)Liquid column surface profile (b ¼ 601), (b) pressure distribution (b ¼ 601).

G.X. Wu / Journal of Fluids and Structures 23 (2007) 755–765 761
Figs. 5(a) and (b) give the profile of the liquid surface and the pressure distribution on the wall at r ¼ 1.0, 1.5, 2.0. The

horizontal axis is measured from the rigid wall through redefining x as x�Ut/s. Unlike in the triangular case, these

curves are not on the same line as the problem is no longer self-similar. The maximum pressure occurs at y ¼ 0, which

also differs from the cases of triangular liquid columns considered in Figs. 2–4. The maximum pressure decreases with r.

The above case may be generalized. If the surface of the water column is defined as f(x) ¼ a1�axa with 0oao1, we

have s ¼ a1�a(Ut)a. Letting r ¼ aa/(a�1)s/a ¼ aa/(1�a)(Ut/a)a, we obtain the shape of the liquid column as Z ¼ (x/a)a/r1�a

and the location of the wall at x ¼ ar(1�a)/a. Correspondingly, Eqs. (9) and (10) become

dðrxÞ
dr
¼ rð1�aÞ=a

qj
qx
;
dðrZÞ
dr
¼ rð1�aÞ=a

qj
qZ

, (35)

dðrjÞ
dr
¼

1

2
rð1�aÞ=aðj2

x þ j2
ZÞ. (36)
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Fig. 4. (a) Liquid column surface profile (b ¼ 451), (b) pressure distribution (b ¼ 451).
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These equations show that the result in the stretched system depends on r but not U, t and a individually. Figs. 6(a)

and (b) give the profile and the pressure distribution at r ¼ 2 with a ¼ 1/2,1/3,1/4. The maximum pressure decreases

with a.
5. Conclusions

The impact problem of a two-dimensional liquid column on a rigid wall has been solved based on velocity

potential theory. The success of the analysis is due to the adoption of the stretched coordinate system. The choice
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Fig. 5. (a) Liquid column surface profile with y ¼
ffiffiffiffiffiffi
ax
p

, (b) pressure distribution with y ¼
ffiffiffiffiffiffi
ax
p

.
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of s for scaling is particularly important. For a symmetric smooth liquid column with a surface profile given

by y ¼ f(x), s ¼ f(Ut) has been found to be a suitable choice. This can automatically be extended to an asymmetrical

case with

y ¼
f 1ðxÞ; y40;

�f 2ðxÞ; yo0;

(

if s is chosen through the width of the liquid column, i.e., s ¼ f1(x)+f2(x). Indeed, this method can be further extended

to many other problems including oblique impact if s is chosen in a similar way.
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Fig. 6. (a) Liquid column surface profile at r ¼ 2 with y ¼ a1�axa, (b) pressure distribution at r ¼ 2 with y ¼ a1�axa.
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